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FORLATERALMOTIONS
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By JamesJ.Donegan,SsmuelW.Robinson,Jr.,
andOrdwayB. Gates,Jr.

suMMARY

A methodispresentedfordeterm=n thelatersl.-stabilityderiva-
tives,transfer-functioncoefficients,andthemodesforlateralmotion
fromfrequency-responsedatafora rigidaircraft.Themethodisbased
ontheapplicationofthevectortechniquetotheequationsoflateral
motion,sothatthethreeeqpationsoflateralmotioncanbe separated
intosixequations.Themethodofleastsqyaresisthenappliedtothe
dataforeachoftheseequationsto yieldthecmfficientsoftheequa-
tionsoflateralmotionfrm whichthelateral-stabilityderivativesand
lateral-motiontransfer-functioncoefficientsarecomputed.Twonmeri-
cslexamplesaregiventodemonstratetheuseofthemethod.

INTRODUCTION

h thereductionandgeneralizationofflight-testdata,whetherfor
loads,stability,or controlpurposes,theairplanestabilityderivatives
andthecoefficientsofthetransferfunctionsareoftenrequired.A
greatdealofemphasis,therefore,hasbeenplacedonthedevelopmentof
anal@icaJ-methodsforreducingflightdatato obtainthesebasicderiva-
tivesandcoefficients.

A numberofrecentmethods,forexamplereferences1 to k,arenow
availableforamlyzinglongitudinalmaneuversanddeterminingthe
longitudinal-stabi13tyderivativesandtransfer-functioncoefficients
fromflightdata.References1 and2 presentmethodsof determiminnthe
longitudinal-stabilityderivativesandtransferfunctionsdirectlyfrom
transientdata.Reference3 reducesdataforlongitudinalmotiondeter-
minedfromtheforced-oscillationtechniquebymeamsof circlediagrams
tolongitudinal-stabilityderivativesandfrequencyresponse.Mueller,
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2 NACATN3083

inreference>,wasoneoftheearliesttousevectorrepresentationin
theequationsoflongitudinalmotiontorepresentthederivativesand
integralsofthevariables.Schumacher,reference4, representedthe
frequencyresponsestolongitudinalmotionasvectorsandwibstituted
themintotheequtionsoflongitu&Lnalmotionandthetransferfunc-
tions. He thenappliedthemethodofleastsquarestothesevector
equations,a methodwhichhe foundveryeffectiveindeterminingcertain
ofthelongitudinal-stabilityderivativesandtransfer-function
coefficients.

Theproblemofanslyzinglateralmotions,however,hasnotreceived
thesamesmountof attentionasthatforlongitudinalmotion,perhaps
becauseitismorecomplicated.Severalanalyticalinvestigationshave
beenundertakenanda fewmethodshavebeenproposedsuchasthecircle-
diagrsmmethod(ref.6),thestep-function-responsemethod(ref.6)in
whichtheresponseofan airplaaeto a stepdeflectionoftherudderor
aileronis analyzed,s.ndthefree-oscillationmethod(ref.7)inwhich
theperiodand&amp@ ofthefreevibrationsoftheaircraftdueto a
pulse-@peinputaresnalyzed.Sincetheusefuhessofthesemethods
isUmitedby thenumberofderivativeswhichcanbe extracted,thereis
stilla needfora moregeneral.methodofanslysisthatwillextractsll
thesignificantlateral-stibilityderivativesfromflightdata.

Itisthepurposeofthispapertopresenta.methodfordetermining
thelateral-stabilityderivativesofa rigidairplaeandto illustrate
itsuseby applyingitto twoexsmples,Themethodisbasedonthe
vectorrepresentationofthefrequencyresponsestolateralmotions.
Thisvectorapproachpermitsseparationofeachoftheequationsof
lateralmotionintoa realandimaginaryequation.A least-sqpares
methodisthenappliedto thedataineachoftheseequationsor cmnbi-
nationsthereofto yieldthecoefficientsoftheequationsoflatersl
motion.Thelateral-stibilityderivativesandtransfer-functioncoef-
ficientsarethendeterminedfromthesecoefficientsandtheknownair-
craftmassparameters.

Themethodisappliedtotwospecificexamples,oneinwhichthe
frequencyresponsesto a rudderinputareknownandoneinwhichthe
transientresponsesto ailerondeflectionareknown.Inthelattercase,
thefrequencyresponseswereobtainedfromthetrsmientmotionsby two
methodsandthestabilityderivativescomputed.

An attempthasbeenmadeto scheduletheproceduresoastoreduce
thedependenceoftheresultsobtainedfromthismethodonthederiva-
tivesthatcanbe leastaccuratelyobtainedfromtheparticulardata
beinganalyzed;however,furtherimprovementsmy bemadeasfurther
experienceisgainedintheapplicationofthemethod.

. . ,“’. —
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SYMBOLS

lateralacceleration,ft/sec2

parametersdefinedby equations(8)

parametersdefinedby equations(9)

wingspan,ft

ldftcoefficient,L/@!

yawing-mmentcoefficient,

rolling-mmentcoefficient,

lateral-forcecoefficient,

N/qS-b

L‘@b

Lateralforce/qS

cl)cayC3,.. . coefficientoftrsmsfer
(definedintableII)

D differentialoperator,

functions

e naturallogarithmicbase

Fl)F2jF3 forcimg-functioncoefficientsrepresentingrudder
effectiveness(defined’intableI)

G2J ~ forcing-functioncoefficientsrepresentingaileron
effectiveness(definedintableI)

g accelerationdueto gravity,ft/sec2

% momentofinertiaaboutstabilityX-tis, *X2,
Slug-ftp

Iz momentofinertiaaboutstabilityZ-axk, *2,
Slug-fta

. —— .—._ —.-—..— .—— ——— .-——.—. ——— . . . —



4 NACATN3083

1= productof inertiareferredto stabilityaxes(nega-
tivewhenthepositivetirectionoftheX principal
tis isinclinedabovetheflightpath,i.e.,when “
q isyositive)

KD K+)K3, . . . stability-derivativecoefficientsoftheequations
oflateralmotion(definedintableI)

‘x radiusof~ation aboutstabilityX-axis,ft

% radiusofgyrationaboutstabilityZ-axis,ft

Kx nondimensionalradiusofWation aboutlongitudinal

,( /)
b 2 cos2~+(~olb)2 s~2VstabilitySxiS,

‘%

nonMmensionalradiusofgyrationaboutvertical

‘%

%30
L

L’

M

m

N

por$

stabilitytiS,J(1) (1)~b 2 COS2~+ k% b 2 Sti2~
o

nondimensionalproduct-of-inertiaparameter,

radiusofgyrationaboutprincipallongitudinal
axis,ft

radiusofgyrationaboutprincipalvertical
axis,ft

lift,lb

rollinnmcment,

Machnumber

aircraftmass,

ft.-lb

Wjg,slugs

yawingmment,ft-lb

incrementalrollingangularvelocityabout
X-axis,radians~sec

.—
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R

s

s

t

v

v

w

x,Y,z

P

T

If.,
al

-c pressure,&, lb/sqft

incrementalyawingangularvelocityabout
Z-axis,radiax3/sec

am@Lituderatio

wingarea,sqft

Laplacetransformvariable

time,sec .

incrementalcomponent
theY-sxis,ft~sec

trueairspeed,ft/sec

aircraftweight,lb

airplanestabilityaxes

ofvelocityV along

(seefig.1)

angleofattack,radSans

angleofsideslip,v/V,radians

aileroncontroldeflection,radians

ruddercontrol

incl~tionof
withrespect

deflection,radians

principallongi~ sxisofinertia
toflightpath(positivewhentheposi-

tivedir~ctionofthe~ principalaxisisinclined
abovetheflightpath) B

nondimensionalmassparameterusedforlateral
equations,m/pSb

airdensity,slugs/cuft

the parameter,m/pSV,sec

phasesingle,radians

angleofroll,radians

angleofyaw,raitkns

angularfrequency,radians/see

——. —— —— —— ---——. .——.——-—-——- - ——-—— .——————— — —. —



6 I!WCJITN3083

Barnotation:

5 baroverletterrepresentsmaximumvalue

a bus on sidesof symbolrepresentabsolute

Matrixnotation:

[1
squarematrix

{}
columnmatrix

Vahe

Thelateral-stabi~tyderivativessreexpressedby subscriptnota-
&z

tionas,forexample:cl =W c
&n

B %=~’d c%r=~”
2V 2V

Phase@es arealsoindicatedby subscriptnotationas G& is

thephase@e betweentheinputrudderdeflectionandtheoutputside-
slipangle.

DEVELOF?4EN’2OFME?I!HOD

EqutionsofLateral.Motion

Theequationsoflateralmotionbasedonthestabilitysxes(asshown
infig.1) andontheususlassumptionsoflinesrity,smallangles,and
maneuverswhichstartfr~ a level-fughtconditionareusuallywritten
inthefollowingform:

(a)Forthesideslippingmotion,

(D+ K1)P-K#+

or,sfice~ = V(w + DIJ- K2@),

~+Kl~= Fl~(t)

(b)I?ortherollingmotion,

~P+(~+K~$@-&~ )+ K6Dv = F25r(t)+ G2ba(t)

(la)

(2)

—— .—
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(c)Fortheyawi.ngmotion,

-t~ -(.@ + K9D)@ +(~ + K&D)~ = F35r(t)+ G35a(t) (3)

wherethe K, F, and G coefficientsaredefinedintableI. The
forcingfunctionsoftheseequationsarewrittenforrudderinputsend
aileroninputscombined;forthesakeof simplicityindevelopingand
demonstratingthemethod,onlyrudderinputsFlbr(t)>F25r(t),
and F38r(t)areconsidered.Themethod,however,appliesequallywell

tobothaileronandrudderinputsas is shownsubsequently.

VectorhterpretationofltrequencyResponse

Inmanycurrentstudiesofairplanedynamics,thefrequencyresponse
oftheaircraftisdeterminedframflightdata.Havingthedataavail-
ableinthefrequencyplaneofferscertainadvantagesoverhavhg the
datah thetimeplane,sinceusecsnthenhemadeofthevectorinter-
pretationoffrequencyresponse.Thedevelopmentwhichfollowswill
assmnethatthedatatobe analyzedareavailableinfrequency-response
form. h theeventthatonlytransient-responsedataareavailable,the
transformationto thefrequencyplanecanbemadefroma selectionof one
oftheseveralmethodscmparedinreference8.

Thevectortechniqueisappliedtothedeterminationoflatersl-
stabilityderivativesinthefolbwingmanner.Ifan input ~ to a
linearsystem(asystemdescribedbya lineardifferentialequation)is
consideredtohavea sinusoidalvariationoffrequencym, it canbe con-
sideredtobe a vectorofunitmagnitudelybg alongtherealsxisofthe
complexplaneas showninfigure2(a). Thefirstderivativeofthesinw-
oidalinput D& isthenobtainedbymultiplyingtheamplitudeby u and
rotatingtheresultingvector90°counterclockwiseintheccmplexplane
whichisequivalentto advancingthephase@e by 90°. Eachsucceeding
higherderivativeisfoundbymultiplyingby co androtatingthevector
90°inthecomplexplane;thus,

%=1 (4)

D% ‘h (5)

1)2~= -&’ (6)

.—. — —— -—- —.- ——- —..—.. -- --- ---— —— ————
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.
Thesteady-stateoutputorresponseofthelinearsystemto a sinus-

oidalinputmaybe consideredtobe a vectorofmagnitudeequalto an
smplituderatioR andhavinga directionangularlydisplacedfromthe ,.

realaxisby a phaseangle 0. Thus,inthecomplexplane,thevector
forsideslipmaybe representedaa

‘P

%

Thederivatives

sinQP5
r

A@. g Cosq
r EC

of j3arerepresentedas

‘%=

D$ =a

(7)

(8)

(9)

(lo)

— — —
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and

9

(-COS Qp%-isin~
)%

- iU?Bp

Similarly,foyroll(seefig.2(b)),theequations
tions(7),(10),and(Id.)wouldbe

$= +-g

$=-flq+iq

$fj . *2G - i.%y

foryaw,

$=%+ i%’
N-=-qr+iaqr

.

and,forlateral

&=
acceleration,

9

corresponding

(IL}

to eqpa-

(12)

(13)

(14)

(15)

(16)

(17)

(18)

Stistitutingequations(4)to (18)intoequatiou(1),(la),(2),~ (3)
andequatingtherealandhnaginmyvaluesineachequationyieldsthe
followingeightsinpkifiedeqgations:

. -- - —....-— ---- .— .——-—- -— —— -.— .—-— -–—-—— ——-— ————
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Ikomequation(l):

NACAllN3083

(19)

and

IYanequation(la):

VKIBP= -B% (a)

ltcomequation(2):

Ikomequation(3):

and

m equations(Q) to (26)the~,~,w,% W BB,@,v,%terms~

beavsAlableattheparticularvaluesof m fromthefrequency-response
curves.Itwillbe assumedthatthe K2 termis determinedfromthe
velocitymeasurementandthe ~ and ~ terms,whichareeqpalto the

I
ratiosIn IX =d Im/Iz,rewectivel.y,arelmownfraneitherweight
andbalancecalculationsormeasurementssothatonlythevalues
Of K1,3,4)6>7>9Y1o
(

~d U,2,3 aretobe determinedfromthedata.
It shouldbenotedthateventhough~ and ~ areassmedtobe known
a.needstilletistsfora simplemethodof determiningaircraftmoments
ofinertiaandthelocationoftheprincipallongitudinalaxis.

)
r

— —
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Eqpations(19)to (26)arenowusedto cmputethe K and F coef-
ficients.Theadvsntageof separatingeachoftheeqwtionsoflateral
motionintorealsndimaginaryeqpationsnowbecomesapparent.Thetwo
derivativesmostdifficultto determineare Czr and C

%
containedin

the K& and % coefficients,respectively.The I% c~efficientmay

be eliminatedbetweenequations(23)and(24);similarlythe 1$ coef-

ficientmaybe elhinatedbetweenequations(25)@ (26).WE-equations
thusobtained,whenusedto computetheunknowncoefficients,resultin
betterconditionedmatricesandmoreaccurateresults.~ theusualcase
ithasbeenfoundunnecessarytoperformtheeliminationofthe
~ coefficient.

As a firststepin solvingforthe K and F coefficients,equa-
tions(19)to (26)arefittedtothefrequency-responsedataovera range
ofvaluesof o by themethodofleastsqyares.W theoryofleast
squaresiswell-knownandisderivedinmsmytextbooks(e.g.,ref.9) and
no attemptismadehereto repeatitsderivation.

Theapplicationoftheleast-sqyaresmethodto equations(19)to (26)
convertstheseequationsto theircomputationalform. Itisrecommended
that,ifthelateral-accelerationfrequencyresponseisavailable,equa-
ti6ns(21)and(22)be usedinpreferenceto equations(19)and(20)for
thecomputationof K1 and F1.

Eqmtion(19)maybe e~ressedsimplyas

L

and yieldsK1. EHmilarl.y,equation

Fl=~
& l% -
w

andyieldsF1.

.

(20)canbe expressedas

K#@-@&%)J

(2’7)

(28)

. —---- —.— .—-—- -—— -—------- — ———. .— _. .,.. -..—____ .—..__ —.—. . . ..



12 NACATN3083

ForthesamevariablesK1 and Fl,theleast-squaresformsof
equations(21)and(22)forusewiththelateral-accelerationfre@ency
responseare:

(29)K1 =

(30)

Equation(25)canbe expressedas

$J-’u2gr’%),(-’%),$iy’%(-’i

[31)

andyields
% % d ‘lo“

Equation(26)canbeexpressed
.

m“
(32)

andyieldsI?3.

Ihorderto evaluatethe
thecoefficientK6 isfirsteliminatedbetweeneqmtions(23)and(24).

— — —— ———- —-
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Thisstepis takenin
ficieritI%,whichis

orderto obtaina more
lesssignificantunder

accuratevalueof
theseconditions,

13

thecoef-
andto

providea betterconditionedmatrixofcoefficientsinthecomputation
of K3, K4,and F2= Uponeliminationofthe K6 termbetweenequa-
tions(23)aud(24),thefollowingrelationis obtained:

K3(W%+

Upon
becanes

%%) + ‘4U(W -w) -F&= a2(%% +*) -%q;12

(33)

theapplicationofthemethodofleastsquares,equation(33)

:(--%),(=+W’’t-=%+),

(Y+)

.

whichyieldsK3, K4,and F2.

The K6 coefficientmaynow
afterthemethodofleastsqyares

%=

-—. ..—..-—

a.

be obtainedfromequation(24)which,
hasbeenapplied,maybe expressedas:

(35)

.. _,._ _.__ —__ .-z —— —- —-. — — —--——
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Analternateexpression
whichmsybe expressedas

NACATN3083

for I% msybe obtainedfrmneqpation(23)

(36)

Valuesof K6,whichdefinethederivativeCzr,me importantin

thespiralmode. ~ orderto obtainaccuratevaluesof l%,aircraft
motionswhichbringoutthefulleffectofthelong-periodspirslmode
shouldbe analyzedtoobtainaccuratefrequency-respme datanear u = O.

~ thecasewherethesolutionfor C
%

isfoundto involveill-

conditionedmatrices,1$ shouldbe eliminatedbetweentherealand -
ima@IwY eqyations(25)and(26).

Withallthe K and F coefficientsoftheequationsofmotion
determined,thelateral-stabiMtyderivativescanbe cmputedfrmnthe
K and F coefficientsandthelmownaerodynamicparametersbyuseof
thedefinitionsof-table1. Thetransfer-functioncoefficientscanbe
calculatedfromthedefinitionsintablelZandthetrasferfunctions
andmodesoflateral.motioncsmbe obtainedfromtheequationsin
appentiA.

sucxwsrEDI?ROCEDW

~ orderto aidintheapplicationof‘thismethodtothqanalysis
offlightdata,a suggestedstep-by-stepprocedurewhichispresentedin
thissectionhasbeenworkedout. An efforthasbeenmadeto schedule
theproceduresoastoreducethedependenceoftheresultsonthederiva-
tivesthatcanbe leastaccuratelyobtainedfromtheparticulardatabeing
smalyzed.Alternatestepsaresuggestedwhereitwasfoundthatsme par-
ticularderivativemightbemoreaccuratelydeterminedby oneortheother
oftwoapproachesundercertainconditions.Noweightingofspecific
groupsofdataisemployedintheleast-sqparesprocedure;weightingcan,
however,be employedwhenitis considereddesirabletoputmoredependence
ondataregardedasmorereliable.

.

—
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Asa furtherdemonstration
havebeencarriedoutaccording

15

ofthemethod,twommericalexsmples
tothisprocedure.b oneexample,pre-

sentedin appendixB, thelateral-stibilityderivativesare
an airplanewhosetransientresponsesto dlerondeflection
tobe lmown.Thisexamplewaschosenin ordertogainsome
thedependenceofthemethodontheaccuracywithwhichthe
responsecanbe obtainedfromthetransientresponse.

calculatedfor
areassumed
insightinto
frequency

Theotherexampleisforthehypotheticalrigidairplanewhosemass
andgecmetricparametersme M.stedintableIII. Theassmnedfrequency-
responsedataof sideslipangle ~,rollangle @,yawanglev, snd
lateralacceleration~ fora rudder-deflectioninputsuchasmightbe
obtainedfromanalysisofflightdataarelistedintableIVandplotted
infi~es 3 to 6. Thesmalysisofthesedatak beenusedto illustrate
thefollowingsuggestedprocedure.

(1)Tabulateparametersud wor~ equations.-Tabulatetheair-
plsneparametersandanystabilityderivativesthatareknownor csnbe
computeddirectlyfromthosethatarelmownas illustratedintableIII.
Tabulatetheleast-sqwesequations(27)to (32)and(%) to (36)with
anyknowntermsontheright-handsideashasbeendonein eqwtions(~a)
to (32a)end(34-a)to (36a)intableV fortheexsmple.Since

( %-

however,intheexsmpleofappendixB,
%

wasincludeds.ndthe

)~ termwasdetermined.

(2)Tabulatefrequency-responsedata.- Tabulatetheamplitudesand
phaseanglesofthefourlateralvariablesatthevaluesof m tobe
usedintheanalysis.Forsimp~cityintheexsmple,as shownintableIV,
10 integrsllvaluesof m, evenlydistributedovertherangeofthedata,
werechosen;however,in caseswheremoreaccuratepointsoccm atnon-.
integralvaluesof u, it isadvisabletousesuchpoints,wherepossible.
Therangeofvaluesof m shouldbe restrictedtotherigidresponse,

butthepoint u = IItO shouldbe avoidedbecause~ isinfinite.
%c@

(5)Cmtrputevectorcmporientsofdata.- Computethevectorcanpo-
nentsfromthedatalistedin step2 andtabulatethemas shownin
tableIV. Itisadvisabletouseatleast>-placetablesofsineand
cosinevaluesinthiscomputation.A&M.tionalcolummof ~, @p,

* Y“*” ad &~, &BP, a#A@ . . . willbe usefulin subsequent

operationsbutarenotlistedfortheexsmple.

.

. . . .——— —-— -—. .— —— --— —.—. —.———-
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.

(4)Cmute K1.- CcmptieK1 fromequation(27a).(See

tableVI(a).) Inthisstepandin subsequentsteps,surmnationofthe .
correspondingelementsofthe5ndicatedproductsofthedatacolumns
evaluatesthematricesof coefficientsandbmzns. Theresultingshul-
taneousequationsarereadilysolvedby anystsmlardmethod.

(4a)Alternatestep4.-Cmpute K1 fromequation(29a).(See
tableVI(c).)

(~)cWUte Ft.- CmUPuteFl frm equation(28a)withthevalues

of K1 frcmstep(4). (SeetableVI(b).)

(5a)Alternatestep5.-Cmpute F1 frm eqyation(30a)withthe
valuesof Kl framstep(h). (SeetableII(d).)

(6)Compute~ and KIO.-Compute~ and KIO fromequation(31a). -

(SeetableVI(e).)

(7)ComputeF3.- C-ute F3
.

fromequation(32a)withthevalues

of K7 and Klo fromstep(6). (SeetableVI(f).)

(8)CanputeK3, K4,and F2.-CaUpUteK3, K4,and F2 from

equation(*). Becauseofthecombinationoftwoequationsto obtain
equation(~) inthemethod,theconibinationofdatacolumnsismore
cb.mpl.icatedinthisstepthaninothers.(SeetableVX(g).)

(9)Cquti K6.- CanputeK6 by oneofthefollowingmethods:

(a)If F2 hasnotbeenelindnated,calculateI% fromequa-
tion(35a)withthevaluesof K3, K4,and F2 fromstep(8). (See
tableVI(h).)

(b)If F2 hasbeeneliminatedcalcul-ate~ frcnneqmtion(36a).
(SeetableVI(i).)

(lo)comptiestabilityderivatives.-Cmrputethelateral-stability
derivativesfromtherelationshipsintableI andthenowcompletesetof
valuesof K and F. (Thecmputedandlamwnvaluesofthe K
and F coefficientsandthestabilityderivativesfortheexampleare
givenintablesVIIandVIII,respectively.)
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(n)carputetransfer-functioncoefficients.-
functioncoefficientsfromtherelationshipsgiven

17

Computethetransfer-
intableIIandthe

valuesof K and F. (Thecomputedanddown valuesofthetransfer-
functioncoefficientsfortheexampleme givenintableIX.)

(U.?)Computethemodes.- The”modesoflaterslmotionmsynowbe
computed,if desired,by useoftheequationsinappendixA. (Thevalues
ofthelateralmodesfortheexamplearegivenintableX.)

(13)AccuracyCheCk.-Whenthetruederivativesareunlmown,the
checkonthecomputationsis obtainedinthefollowingmanner:Calculate
thefrequencyresponsefrmthe equationsinappendixAazulthecomputed
coefficientsof step(U.).CamParethesevalueswiththedataof
step(2).

DISCUSSION

Datarequirements.-Themethodofthispaperisbasedontheassump-
tionthatequations(1),(2),and(3)representthelateralmotionsofthe
airplane.Theselineardifferentialequationswe satisfiedbysmalJ-
variationsinroll,yaw,andsideslipbutwillnotnecessarilyholdfor
largechangesh thesevariablesorinregionsofflightwherenonlinesri-:
tiesoccur.Itisthereforedesirableto obtaindatafortransformation:
to thefrequencyplanefromsmaU motionsrecordedwithinrangesoflkch :
nmibersndothervariablesinwhichthecoefficientsareconstant;also,J
therangeoffrequency-responsedatatobeusedmustbe limitedtovalues
forwhichtheaircraftactsasa rigidbodyandhigherfrequencyinstru-
mentinaccuraciesareavoided.Thus,theassumptionsofthemethodwill
bemostnearlyinaccordwiththetruephysicalnatureoftheproblem.
In anycase,experiencehasshownthatthederivativesobtdnedbythis
methodofanalysiswillaccuratelyreproducethefrequencyrespcmsefrmn
whichtheywereextracted.

Sincethepresentmethodrequiresflightdatainfrequency-response
form,eithertheforced-oscillationtechniqueorthetechniqueofoscil-
latingtherudderoraileronatvariousfrequenciesandmeasuringthe
steady-stateresponsein P, I@, ~, and ~ mustbe employedorthe
transformationofa transientresponsefromthetimeplanetothefre-
quencyplanemustbemadeby an appropriatemethod.A comprehensivesur-
veyofmethodsforeffectingthistransformationfromtimetofrequncy
planeisgiveninreference8 whichevaluatestheFourierintegral.method
aswellastheuseofdevicessuchastheFouriersynthesizer,Coradi
harmonicanalyzer,andIPMmachinesforobtainingfrequencyresponsefrmn
transient-responsedata.

L

. —. .._ —..-— —.. . —.
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axe
of

If,asisususllythecase,
measuredintheformoftime
$$ and v, itisrecormnended

NACATN3083

thetransientresponsesinrollandyaw
historiesof I@ and D$ ratherthan
that these

D$ be convertedto freqyencyresponse
quencyresponsesof @ and ~ be computed
of @ and D$ byuseoftherelations

time’historiesof I@
initiallyandthenthefre-
fromthefrequencyresponses

,-1

1%1

and

Flightdatasreusually
canbe used,however,either

+ 90° %!% =@*%+ 90°

measuredaboutthebodysxes;beforethey
theymustbe convertedto a formcorre-

spondingto-thestabilityaxesorthedevelopmentmustbe restatedin
termsofbodyaxes.Thefollowingequationsarepresentedtobeused
intransformingto thestabilityaxes:

i=tbcosa-

where a istheangleofattack(angle
stabilityX-axis) andthesubscriptb

betweenthebodyX-axisandthe
referstothebodyaxes. In

addition,thesideslip-vsnemeasurementscanbe convertedto thecorre-
spondingvaluesatthecenterofgravitybymeansoftheformula

()

Zpf
P’pv-ycosa

wherethesubscriptv refersto theVSJ.Eand Z
P

isthedistancefran

thecenterofgravitytothesideslipvanemeasuredalongthebodyX-axis.

Ifthelateralacceleration~ asrecordedby anaccelerometeris
used,itmustbe correctedforanycomponentsofemgularvelocityand
accelerationpresentin suchrecordsbecauseofthedisplacementofthe
accelerometerfromtheairplanecenterofgratity.

.—. ——— — . . .. ..— .. —..-
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Sensitivityofthemethodandpossiblesamplifications.- Eventhough
theforegoinggeneralrulesareobserved,theqmstionarisesastohow
thederivativesobtainedcomparewiththeactualderivativesoftheair-
plsne,andhowsensitivethesederivativesareto inaccuraciesinthe ,
frequency-responsedata. Theseinaccuraciesstemfromseveralsources
suchasmeasurementofthetransientmotions,transformationfrmuthe to”
frequencyplane,andreadingerrors.Careshouldbe exercisedtokeep “
theseinaccuraciesto aminiman.

No attemptismadetopresenta comprehensiveerroranalysisinthis
paper,butseveralgeneralremarksappeartobe inorder.A comparison
ofthevaluesgivenintablesVII,VIII,andIXforthecoefficientsof
theequationsoflateralmotion,thelateral-stabilityderivatives,and
thetransfer-functioncoefficientsindicatesessentiallyno errorsdue
to themethoditself.Ithasbeenfound,however,thatthederivedvalues
of ~ ~~%b aresensitiveto slightvariationsinthequanti-

ties ~, BP, ~,smd ~ (seeeqs.(~)and (28)).Thissensitivity
isduetothefactthattheairplaneangleofyawisverynesrlyequal
to thenegativeofthesideslip~le andhenceac~uratedetermination
ofthelateralaccelerationfrommeasurementsof ~ and ~ is diffi-
cult. Thisdifficultycanbe obviatedbya directmeasurementofthe
lateralaccelerationwithan accelerometerandmoreaccuratevalues
determinedfor CY

P
and Cyb bymeansofeqyations(29)and(30).

As broughtoutinappentiB, theaccuracywithwhichthevsluesof
thederivativesCzr, ~rj and CyB canbe determinedfrcmfreqwncy-

responsedataappearstobe dependentupontheinclusionofdataforfre-
quenciesnearthenatursll.frequencyoftheairplane.Thisfactisbrought
outfurtherby someunpublishedresultsthatindicatethatderivatives

/lldcysuchas Cn
P

areverysensitivetovariationsofthefrequency

responsesneartheairplanenaturalfrequency.m ‘hecase‘f Cnr the
conclusionisobvioussincethisderivativeisknownto contributelu$e~
to theairplaneDutchrolldampinganditisalsolmownthatthepeakvalue
ofthefreqmncy-responseamplituderatio,say ~ , iS highly dependent

upontheairplaneDutchroll.damping.Itappearsthereforethatan
accuraterepresentationofthefrequencyresponsesatfrequenciesnear
theairplanenaturalfreqpency(forinstance~~0percent)isprobably
veryhportsmtinthedeterminationofthelateral-stabilityderivatives.

~ general,whenthenumberofunlnownderivativescanbe reduced,
therenwi~n derivativescanbedeterminedwithgreaterreliability.
Forthisreason,severalpossiblesimplificationsarepresentedforthe
calculationofthederivativesC ‘C

%’ ‘br’ czP’=d-cz5a” ‘*lme
.

—.. . -—.—.._-— .. . —.. —— —-—— ———- --—----- ——- — ———.
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natural.frequencyis,forsmallvaluesoftheproductofinertia,welJ-
approximatedby theexpression

qsb&.cq_
3

~ thenatural.frequency~ isapparentfromtheavailabletransients
andtheinertiaparameterisknown,a verygoodvalueof

c%
csmgen-

erallybe obtainedfranthisexpression.

Extrapolationoftheamplituderatio
II
* to zerofrequency

afforda meansofobtainingthederivative
c%

subsequentto deter-

minationof C%
fromtheprecedingfrequencyrelation.Thevalueof

~ at m= O obtainedby thisextrapolationisnotindicativeofthe

actuslstaticsensitivity,butratheroftheapparentstaticsensitivity
whichincludestheveryl&#rKlydampedspiralmode. Thisapparentsteady- .

%&
stateresponseisapproximatelyequaltotheratio - —, fromwbich,

c%
Cn
%-

canbe estimatedif C
%

isMown.

Thetransferfmctionwhichrelatestherollingvelocityto aileron
deflectioniswellapprodmated(particularlyatlowfrequencies)by the
expression

((D)= -tan-1S fym which K4>Therefore,o@ba andsubsequentlyCzp,
K4

canbe determined. k t.Also,by extrapolatingthesmplituderatio ~
a

m= O,thepsmmeter ‘2 -hence %ba canbe obtainedonce K4 has

beendetermined.Aswasthecasefor #- , thisextrapolationdoesnot

II
?

r
yieldthetruevalueof ~ at u = 0,whichisactuallyzero,butgives

a
theapparentvalueduetothelightlydsmpedspiral.mode.

—.——_———_ —-—
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CONCLUDINGREMARKS

A methodhasbeenpresentedforextractinglateral-stabilityderiva-
tivesfranfrequency-responsedatawhichhavebeenderivedfromaircraft
transientresponsesto arbitrarycontrolinputs.~ orderto demonstrate
theuseofthemethod,thelateral-stabilityderivativeshavebeencalcu-
latedfortwohypotheticalairplanesforwhichthefrequency-responsedata
ortransient-responsefl&ht datawereassmedtobe known.Simplifica-
tionswereproposedforobtainingcertainofthederivatives,andalthough
no erroranalysisispresentedinthispaper,samegeneralobsemtions
canbemadeconcerningthesensitivityofthemethodto inaccuraciesin
theoriginaldata.

Inviewofthelimitedexperienceinthedeterminationoflateral-
stabilityderivativesfromflightdata,andparticularlyinusingthe
presentmethod,itappearsthatan investigationshouldbemadeto deter-
minetheeffectsof someoftheerrorsinherentinanalysesoftransient
responses,suchasrecordingaccuracy,readingaccuracy,ad soforth,
onthederivedfrequencyresponsesandhenceonthecomputedlateral-
stabilityderivatives.It isnotedherethat,althoughthemethodspre-
sentedinthispaperfortheextractionofI_ateral-stabiHtyderivatives
fromfrequency-responsedatame theoreticallycorrectandmathematically
sound,theaccuracywithwhichthelateral-stabiMtyderivativesofan
airplanecanbe determinedlythismethodisdirectlydependentuponthe
accuracywithwhichthefrequencyresponsesoftheairplaneareknown.
Alsojsaneconsiderationshouldbe givento thetypesofinputslikely
to affordgoodfrequency-responsedataandtotestingprocedureswhereby
someofthestabilityderivativesthataremostdifficultto determine
maybe accuratelyobtained.Tn addition,accuratefrequency-response
dataforspecificrangesoffrequencymayyieldmoreaccuratelycertain
ofthestabilityderivativesandthispossibilityshouldbe investigated.

L=@yAero~uti@J- Laboratory,
NationalAdtisoryCommitteeforAeronautics,

=eymeld, Vs.,Febrwry16,1954.

.
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DEVELOFllENTOF

AETENDIXA

EQUATIONSFORTRANSFERFUNCTIONS,MOIIES,

ANDFREQUENCYRESPONSEIURLATERALMOTION

Inthisappendixthetransferfunctionsarederivedfromtheeqya-
tionsoflateralmotionandthemodesandfrequencyresponseareexpressed
intermsofthetransfer-functioncoefficients.

Equations

Themotionsofa rigidaircraft
inputareassumedtobe expressedby
arizedequationsofla.terslmotion:

ofMotion

resultingfroma rudder-deflection
thefollowingthreestsndardline-

+D$ = Fl~(t) (Al)

K6D)V= F2br(t) (A2)

)
KIOD~ = F3~r(t) (A3)

wherethe K and F coefficientsaredefinedintable1. Theaxesand
thesignconventionsemployedareshowninfigure1. On applyingthe -
Laplacetransformation

Ja

F(s)= f(t)e-stdt (A4)
o

(wheres = u + ia) tobothsidesofequations(Al),(A2),aud(A3)and
assumingtheinitialconditionstobe zero,thereis obtained

.
8

.

— —
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.

.

[

s+K1 -K2“ s

- 1{1

p(s)

K3 S2+ K4S
5
S2 - K6S @(s) =

-K7 -QS2 - %s S2+ Klos V(S)

F1~r(s)

F2~(s)

F3”~(s)

23 -

(A5).

(A6) “

(A7)

TransferFunctions

By solvingthethreesimultaneousequations(A5),(A6),and(A7)
for ~(s) thereis obtdned

..

wherethe
tion(A8)

designate

andcz=

(CO’S5+Cl’Sk
(
C5’S4+C6’S3

Cn’ coefficients

)+ C2’S3+C3’S2+c4fsp(s)=

)+ C7’S2+C8’s~(S) (A8)

aredefinedintableII. Dividingequa-
throughbyCo’ andusingtheunprtiedcoefficients~ to

(

cl‘theratiooftheprimedcoefficientto Co’ e.g.,Cl =

)

~
C2‘— resultsinthefollowingtransferfunctionfor ~ duetoco‘

a rudder-deflectioninput ~:

C5S3+ C6S2+ C7S+ C8
:= (A9)

S4+ C~S3+ C2S2+ C3S+ C4

Ikterminedina simil.armanner,thetransferfunctionfor @ is

L= C9S2-!-C1OS+ c~

% al+ cp3i-C2S2+ C3S+ C4

andthetransferfunctionfor v is

:=
c@3 + c& + c~4s+ c~q

( )
s al+C1S3+C2S2+C3S+C4

(Ale)

(All)

—. ... -— ....— —— —..—— .— -—.-—.— - —- ——— —— ——— —— ——-
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Thelateral-acceleration
sidesliptransferfunctionin
tionisusuallydefinedas

NACAm 3083

.

transferfunctionmaybe developedfrm the
thefollowingmanuer:Thelateralaccelera-

~=v(w+ w-%$) (A12)

Substitutingequation(Al)into(AU) yields

~=W~br(t) ‘~~p (A13)

Therefore,

or

4+ Cls3+ C18S2+C19S+ C20>. %6’
% Sk+ C1S3+ C2S2+ Cy?+ C4

Thecharacteristicequation
expandingthedeterminantofthe
ad (A3)andiS

(A14)

(lu5)

Modes

oflateralmotionis obtainedby
coefficientsofequations(Al),(A2),

(s S4+C1S3+C2S2+C5S+
Thisequationcanbefactoredasfollows:

(JU6))C4=0

g+ ill)=o (A17)

wheretheroot s = O indicatesthat theaircraftisinsensitiveto
azimuth,theroot 11 isthedamping-in-rollmode, theroot ~ is
thespirslmode,andtheroot -~~ iq istheDutchrollmode,an
oscillatorymotioncomposedofroll,yaw,’and-sideslip.Themodesof
thisairplaneareindicatedintableX.

.
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An approximateexpressionfor $ whichgivesexcellentresultsis

(u8)

ltrequencyResponse

!IIEfrequencyresponsewhichisthesteady-stateresponseto a
sinusoidalinputconsistsofan amplitude-ratioandphase-anglerelation
betweeninputandrespcmseforvariousvalues
by substitutingS = im intoequations(A9),
respectively,for ~, d, ~, ~d ~ andiS
smplituderatioisthesquarerootofthesm
ad ~ partsoftheccmplexexpression
thearctangentoftheratiooftheim@nary

of m.-Itis~etermined
(no), (~), ~d (U5),
a complexexpression.The
ofthesquaresofthereal
andthepba.seangle@ is
partto the

Thesmplituderatioforsideslipangle ~ is

lkl=Jm

andthephase-anglerelationbetween~ and ~ is

realpart.

andthephase-anglerelationbetween@ and ~ is

(A20)

(fEL)

(A22)

— ———.



Thesmplituderatioforyaw $ is

l~l=J-

andthephase-anglerelationbetween4 and ?jris

me wl-ituderatioforlateralacceleration% ‘s

2‘J!TmEF

(A24)

.

andthephase-singlerelationbetween
%-%is

— — — — . .—
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APPENDIXB

DEWRMIMTIONOFLATERAL-STABHJTY

FREQUENCYRES~NSESDERIXEDFROM

DERIVATIVESBYUSEOF

cAlmwTEDTRANsllmT

RESFONSESTOMZERONDEFECTION

Transientresponsesinroll,yaw,andsideslipto a square-pulse
ailerondeflectionwerecalculatedfortheairplanewhosemassandaero-
dynamicchsxacteristicsaregivenintableXI. Thesetransientsand
assumedailerontimehistoriesarepresentedinfigure7.

ThefrequencyresponsesD@/ba,D$/ba,and ~tba wereobtained
fromanaJysisofthecalculatedtransientresponsesI@, ~, and 13to
theassumedailerondeflectionby useoftheeqyation

I rne-s%(t)dt
o

I co

e‘Stq(t)dt
o

TheLaplacetransformsoftheresponses

= G(s)

wereobtainedby fittingvarious
functi&s,suchaspolynomialsor-trigonometricfunctioh,to finite
sectionsoftherespectinoutputcurvesmd thusperforminganalytically
thereq@redintegrationsfrom O to m infimitetimetiterialsas
describedinreference8. Thesetransfomswerethenevaluatedfora
numberofvaluesof iu (wheres = h) andfreqpency-responsedata
wereobtained.Thesedatahavebeenplottedinfigure8 wheretheyare
representedby thetriangulartestpoints.

Forpurposesofcomparison,thefrequencyresponsesfortheairplane
werecalculatedfromthebasicmasssmdaerodynamiccharacteristicsand
areslsopresentedinfigure8 intheformofcurves.Theagreement
betweenthesetwosetsofdatais seentobe excellent.

Tnaddition,thefrequencyresponseswereobtainedfranthecalcu-
latedtransientsby useofI12Mequipent.TheFouriertransformofeach
transientwasobtainedfroma numericalevaluation,byme- ofthe
IBMeqtipment,oftheintegral

I
e-i~F(t)dt

—. -—. .- .- .—-—-—- -—-—-— .-— ——- — ——. _———. .— .——— ..-
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betweenthe13mitsof t = O aud t = 6.9 secondstowhichwasadded
anendcorrectionbasedonananalyticalexpressionofthetransients
fromt= 6.9 secondsto infinity.A the intervslAt = 0.05 second
wasusedinthenumericalintegratims.Thefrequencyresponsesthus
obtainedareshowninfigure8 as squarepointsaudappeartobe in
excellentagreementwiththefrequencyresponsescalculatedfromthe
basicmassandaerodynamiccharacteristicsandwiththosederivedfrom
thetransientsby thecurve-fittingmethod.

Byuseofequations(27),(31),(33),(35),and(36)ofthebodyof
thepapersn.dthefrequency-responsedataderivedfrm thetransientsby
bothmethods,thecoefficientsKl, K3Y Kk) % %) K7) KgY- Klo
wereobtained,andhencethestabili~derivativesCyp, C2P, c~, Czr,

Cz ‘ c%’ c%’ d ~“k
TheseresultsarepresentedintableXII

alongwiththevaluesassmedforthecalculationofthetransientmotions.
Resultsarealsopresentedforthecasewhereeqmtions(1),(2),and(3) ~
ofthebodyofthepaperwerenotseparatedintorealandim@nsry psrts
butweretreatedasvectorequationsandthemethodofleastsqusres
appliedin amsmnersimilartothatdescribedinreference4. Theamount .
ofworkreqtiedintheleast-sqparingprocessislesswhentheseequa-
tionsaretreatedasvectoreqyations,buta limitationisintroducedin
thata parsmetersuchas ~ whichis difficulttoetiractwithgmd
accuracycannotbe eliminatedasitwasinthebodyofthepaperwhenthe
equationswereseparated.

A cmparisonofthevaluesofthederivatiwsbasedonfrequency
respo~esobtainedby thecurve-fittingmethodandobtainedfromthetwo
methodsoftreatingtheequationsofmotionindicatesverygoodagreement
fordl theparametersexceptCZr. Thepooragreementfor CZr is felt

nottobe significantsinceCzr generallymakesa negMgiblecontribu-

tiontothelateralmotionsofan airplaneandishportantonlyinthe
lightlydsmpedspiralmodeofmotionwhichisverydiff~cultto define
accuratelyfrm a transientresponse.

A shilarcmparisonofthetwosetsofvsluesbasedonfreqmncy
responsesobtainedwiththeIBMequipmentshowsgood~eement exceptfor
thederivativesC~r, C%, and ~ . Thepooragreementbetweenthe

P
initiay assumedvaluesof CZr, C%, a ~ andthosecalculated

B
fromthefrequencyresponsesobtainedwiththe& equipmentisprobably
duepartlyto thefactthatdatawerenotobtainedforfrequenciesnear
thenaturslfrequencyoftheairplanewiththeparticularroutineused
fortheIBMequipmentandpartlyto smallinaccuraciesthatexistinthe
dataatthefrequenciesthatwereincluded.Thesesmallinaccuracies

.
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undoubtedlycouldhavebeenreducedsanewhatby theuseofa smallerth
intervalinthenmericalintegrationsperformedby theIBMequipment.

Theuseofthefrequency-responsedatawhichwereobtainedfromthe
transientresponsesby thecurve-fittingmethodandwhichincludedfre-
qpenciesnesrthenaturalfrequencyoftheairplaneresultedingood
agreementforthesederivatives.Therefore,itappearsthatfurther
investigationintotheeffectsofthechoiceofthefrequencyr-e to
beusedinextractingstabiMtyderivativesfromfreqxmcy-responsedata
iswarranted.

,

— —... - -—.—--—— --- —-— -— —. —



30 NACAm 3083

REFERmcEs

1.Donegan,JamesJ.,andPearson,HenryA.: Mat& MethodofDeter-
miningtheLongitudinal-StsbilityCoefficientsandFrequency
ResponseofanAircraftIYomTransientFlightData. NACARep.1070,
19’32.(SupersedesNACATN2370.)

2.Donegan,JamesJ.: MatrixMethodsforDetermmngtheLongitudinaJ.-
StabilityDerivativesofanAirplaneFramTransientFlightData.
NACATN 2902,1953.

3.Campbell,G.F.,Whitcmnb,D.W.,a@ Bre@us, W. 0.: -c Lo@-
tu~ StabilitysmdControlFlightTestsofa B-25JAirplane.
ForcedOscillationandStepFunctionResponseMethods,Utilizingan
A-12AutanaticPilot.Rep.No.TB-405-F-3,CornellAero.Lab.,mc.,
Apr.15,1947.

4.Schumacher,LloydE.: A MethodforEvaluatingAircraftStability
ParametersFranFlightTestData. USAFTechRep.No.W~-TR-52-71,
WrightAirwv. Center,U. S.Mr Force~ J~e 1952●

5.Mueller,R. K.: TheGraphical.SolutionofStability~oblems. Jour.
Aero.Sci.,vol.4,no.8, June1937,PP.324-331.

: 6.Segel,L.: -C LateralStabilityFlightTestsofauF-80AAirplane
by theForcedOscillationandStepFunctionResponseMethods.USAF
Tech.Rep.No.5996(CornellAero.l%b.,Ihc.ContractNos. W33-
038-ac-17003andW33-038-ac-18517;E.O.NOS.458-414and451-341),
AirMaterielComand,U. S.AirForce,Sept.1950.

7.Swanson,RobertS.,sndMastrocola,N.: SurveyofMethodsforDeter-
~ s~b~mmrimtives timee FM@t. U. S.Nav~ ~rwssfle
TestCenter(Pt.Mugu,C-.), Aug.2,,19~.

8.Eggleston,JohnM.,andMathews,CharlesW.: ApplicationofSeveral.
MethodsforlktermmngTransferFunctionsandFrequencyResponse
ofAircraftIYoinFlightData.NACATN 2997,1953.

9.Mil.ne,WilliemEdmund:Numerical-Calculus.-etonwv= press,
1949.

-.



NACATN3083 31

TABLEI.-IEWINITIONSOFTHECOEFFICIENTSOFTEE

EQUATIONSOF I&FERALMOTIONOFMRPIANE

Stability-derivativecoefficients:Control-effectivenesscoefficients:

K1
()

=cyp-& F1 .Cy &
%

.

%
= c2r4T(;/$2

.-. —— ..—-— _—— —. — .—. ..— --
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.

KIYLBLEII.-COEIZFICIENTSOFTRANSFERFUNCTIONS

[
T& equationsforthetransferfunctionsaregiveninappendixA;

thecoefficientsCn areobtainedfrm thecoefficientsCn’

(by dividingby Co’ e.g.,
1

Cl=q
co

l-W
Kl+K4+Klo- % -%% -Wy8
K7+ KIK4+ KIKIO+ K4KI0-K3KFJ-K&g -KIqKg-KIK@J
K@3+ K4~ -K3q+ Klwlo -Wwg -%%9
%$3%0 -%!%%
‘1(1‘~K8)
F1K4+FIKIO-K8F2-F3-FIK#j-FIK6K8
F’1K4K10-F*+ F3~-F3K4+ F’&- ??~K6~

‘3% + F2K1O%?
F2+ F3~

F2K1+ Fl~q - F1K3+ F3K6+ F3K#5+ ‘N1O
F@lK1o+ F1K6~+ F3K3+ F* - ‘1K3K10+‘3K1%

F3+ Kj3F2

F3K4+ F3K1- F1K3~+ Fly + F* + F#lK8

F3K1K4- F1K3K9+ %%% + %$1%
F%+ ‘3=3

co‘VF1
c1‘VF1- ‘1C5‘
vF~c2‘ - ~~C6‘
VF1C3‘ - ~c7’
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TABIXIII.—&DWIANEPAWMWERS USEDINEXAMPLEGIWENINBODYOFPAPER

M= 0.8

b= 22.6

(a) Kuown

(evaluatedforan altitudeof1O,(XIOft)

ft

s=130.0Sqft

P= o.c01756Skg/CUft ,

V= 861.74ft~sec

Ix= 2062shg-ft2

Iz= 13,298shg-ft2

m=li
/3= 295.03Shl@

I= = 157Slug-fta

%
= o

%=

m’

%=

%=

(b)Computed

—= 1.5sec
&

— = 57.2
G

* = o.1121

1=
— = 0.07614
Ix

Iz
—= 0.0u806
Iz

$= 0.0374persec

c%

[()]

1 0
4T~lb 2 ‘

. . . . - . ..-— --———-- —--— —- —--——--—— —— ——. —.
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CD,
radisns
sec

1

;
4
5

6

i
9
10

u),
radians
sec

1

;
4
5

6
7
8
9
10

TABLEIV.- I?RMW3NCY-RESFONSEIM!I!AFOREXAMPLE

GIVENINEODYOFPAPER

(a)Sideslip,P

0.536
.574
.650
.797
1.u6

2.105
4.338
1.368
.715
.464

8.761
4.624
3.432
3.lJl
3.459

5..44.6
9.719
2.729
1.298
.780

@p%>

deg

-0.1
-1.1
-2.3
-4.1
3.2

-20.8
-109.7
-158.1
-166.1
-169.1

0.536179
.574106
.649929
.794967
1.104368

1.967417
-1.462174
-1.268821
-.693781
-.455533

79.0
67.7
57.4
47.6
37.1

18.9
-74.6
-126.9
-138.2
-143.9

1.676642
1.7546a6
1.850156
2.096761
2.760823

5.153317
2.578202

-::;z~
-.630341

-0.001562
-.ouo25
-.026083
-.056988
-.159106

-.747357
-4.083763
-.510100
-.171676
-.087720

8.598903
4.278325
2.8w.47
2.297575
2.084203

1.762687
-9.370572
-2.181509
-.865863
-.459096

.

d

.

—. ___ .- —— —.—— —— —. -
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‘IKBL?lIV.-FREQUEIWY-RESKINSE

35

DATAFOREDMMPLE

GIVENINBODYOFPAPER- Concluded

0.),
radians
~

1
2

z
5

6
7
8
9
10

a,
maiam

i3ec

1
2
3
4
5

6
7
8
9
10

II&
0.223
.494
.613
●773
1.096

2.079
k.299
1.358
.710
.462

II&&ft sec2ran

107.67
121.70
149.83
204.00
322.10

691.42
1628.37
587.34
350.66
254.54

(c)Yaw, *

163.4
174.4
174.4
172.8
168.9

156.2
67.3
18.7
10.7
7.1

-0.213722
;::~:g

-.767134
-1.075250

-1.9031.29
1.656940
1.285297
.698169
.458498

(d)Iateralacceleration,

%&%,
aeg

179.7
178.2
176.5
174.0
169.6

156.5
67.3
18.6
10.4
7.2

ft/sec2
radian

107.6736
121.6356
149.54SL -
202.8943
316.7986

634.3160
627.9656
556.6625
344.9205
252.5535

0.063714
.048463
.059934
.096775
.210567

.837405
3.966906
.4365o4
.131797
.057029

II

%
‘% ~

= – sin0%%,

ft/sec2
radian

0.564215
3.928440
9.277399
21.205800
58J-43795

275.150748
1~2.4180~
187.3377u
63.m245
31.756598

.—. . .. —.—-—- . . ..—-—. ..- — —.—-—.—.—-— _...———
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TABIEv.- lmImraDPomaPDuL4TmmLsED

l?JKm!fPIEGrmTIt7EmfaPPAvER

(2%)

(’a)

(m)

(3M

.
(3’4

(3W

(3*)

.

(%)
,,

—— .— —..—- -. -.
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‘I!ABImvl.- LEAST-SQUARESSOLUTIONOFEQUATIONSFORDATA

OFEXAMPLEGIVENINBODYOFPAPER

(a) Kl,equation(27a)

2(-~-@+-+K@@)B,= 7.,,8

%()2‘P = 17.562
-1

17.562K1= 7.37’8

Kl = 0.420

(b) Fl, qutiti (28a)

10F1= 1.061

‘1 = 0.1061

37
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TABLEvl.- LEAST-SQUARESSOLUTIONOFEQUATIONSFORDATA

OFEXAMPLEGIVENINI!ODYOFPAPER- Continued

(c) K~ fromlateral-accelerationdata,equation(29a)

oi-( )-VB 2P = 15,@2,32k

X(%’J(- %-l)= 5J567J902

13,042,000K1= 5,568,0CQ

K1= 0.427

(d) F1 fromlateral-accelerationdata,equation(30a)

:(Klq + >)= 1.03505,

10F1= 1.035

F,= 0.1035

.

.

-—
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TABmvl.- LE&S1’-SQUARESSOLUTIONOF~UX!I’IONSFORDATA.

OFEXAMPLEGIVENINBODYOFPAPER- Continued

(e) ~ an~ K1o,equation(31a)

5( J-B 2 = 17.562397
(Da

.

.

.

.

k(%)o
2 = 473.928987

aFl

%(U2B%
u=l

- ~02B~(-BP)= 856.325838

~&Q/ - %CD2+(UX+= 2356.791416

K8= o.oI_Mo6 I$=o

17.56%+ 44.4~o= 856.3

4404~+ 473.93K10=2356.8

y = 47.443

‘lo=o.5217

(f) F3,equation(32a)

10F3= ~ (-~p + K@% - ~o@v - ~~ = -251.87

‘3 = -25.187

——. ———-.. — — .——-
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W VI.-LEAS1’-SQUMlESSOLUTIONOFEQWIONSFORDAIYl

oFEXAMPLEGIVENINBODYOFPAPER-conttiwd

(g)K3,K4,andF2,equdim(34a)

~(%% ‘ %%) 2 = 371.762380

~pp% + fJ.pq(* -aB@J= -3617.677695

% ~p~ + ~~)(-~)= 23J84790
ml

~ ($@$ -‘i&)2= 33234.438878

~(w -~fi~(-~)= -209-2W323

2(- %)
o 2= u .u2853

:f% + .2*G: %.p[:[~p,%+ ~AJ= 33,87.734X9

~p%% + ‘%% -%@(p.$% -q#$)= -3=344.a,155

‘~$% + ‘~ -~~l~[;(-~)= 2422.633922ma

371.7623J3K3-36~7.67769K4+ 23.18k79F2= 33187.73451

-3617.67769%+ 352%.k3888K4-209 .21932T’2

23.18479K3-209.Z932K4+ l-l.W28P2=

K3=l%.272 K4= 5.2J.2

= -322344.21915

2422.633922

F2 .27.636

.
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.

!I!mLEvl. - LEAST-SQUARESSOLUTIONOFEQUATIONSFORDATA

OFEXAMPLEGIVENINBODYOFPm - Concluded

(h) ~, equation(3~a)

%(%)2 = 8U .55627
m=l

811.6K6= 235.1

.6.0.290

(i) Qternatemeansof obtaining.6,equation(36a)

5%)2= 473.928983m=l

$+j‘p+ ‘4A4+ %*V -~B#)(~)= 137.774o56
U)=l

473.9J%= 137.77

.6.0.291

41
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WXBLEVII.-
.

COMPARISONOFCOMPU’JXDAND~ WINESOFCOEFFICIENTSOF

EQUATIONSOFLATERALMOTIONFOREXAMPLEGIVENINBODYOFPAPER

Coefficient Computedfromdata Knownvalue

K1
{
%.42@4
bO.4269 }

0.427

K3 138.272145 138.245

Q ~.212@ 5.21.

% 0.290 0.3017
K7 47.438625 47.41

Klo 0.521457 0.5272

{
% .10609

F1 bo●1035 }
0.104

F2 27.636187 27.65
I?3 -25.187091 -25.22

aFromsideslipdata.
%kom lateral-accelerationdata.

TABLEvlII.- COMPARISONOF COMPUTEDANDKNowNEmKKuIm

DERIVATIVESFOREXAMPLEGIVENINBODYOFPAEER

StabiMty
derivative Ccmputed mown

cYp -1.259 -1.28
Czp -0.1490 -0.149
cZp -0.4280 -0.428

c2r 0.02389 0.0248
U% 0.3292 0.329

%r -0.2732 -0.279
cY& 0.3183 0.312
Czb 0.02979 0.0298

c% -0.1748 -0.175

-.
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.
‘I!KEmEIx.-COMPARISONOFCOMPUZEDANDKC$OWNCOEFFICIENTSOF

TRANSFERFUNCTIONSFOREXXWFZEGIVENINBODYOFPJWER

coefficient

co‘
c1‘
C2‘
C3‘
C4‘

C5‘
c6‘
C7t
c8‘
Cg‘

c~o‘
c~ ‘
CM‘
C13‘
C14‘

c~5‘
c16‘
C17‘
c18‘
Clg‘
C20‘

Cmputedfromdata
(least-squaresvalue)

0.999101
6.150763
50.934260
253.483361
2.195801

0.105995
25.468778
132.-1
0.267223
25.718442

3.636361
-2174.851610
-24.860818
-136.884-W
-28.978823

-&.65W72
89.m765
509.187633

-4822.026985
-261Z7.620554

97.287337

mown

0.999101
6.160254
50.972855
253.2143
2.190861

0.103907
25.48986
132.64415
0.2606EL
25.72f149

3.952748
-2178.7691gg
-24.893564
-137.264872
-30.417543

-81.36940
89.62096

514.350717
-4815.419162
-26138.324577
100.5k2037

TABLEx.-COMPUTEDIATERALMODESFOR

EXAMPIWGIVININBODYOFPAPER

[~acteristicequationisequation(JQ.6)of appendixA]

Damping-in-rollmode,ll . . . . . . . . . . . . . . . . . . -5●393
spir~mode,~ . . . . . . . . . . . . . . . . . . . . . ..-o.008668
DutchrolJmode,-~*iq . . . . . . . . . . . . . .. -o.381~i(6.84)

— .. .. . —- —.— .—— —-—-— .—. . . . ——— —
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TABLExl.- PAMMETEWOFAIRPMNE

Altitudejft . . . . .
Wingloaiing,lb/sqft
V, ft/sec
b, ft..
CL . . . .
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30,000
.* 65
. .797
. . 28
. 0.23
. 80.7
0.0097
0.0513
0.oolk5
.-0.40
. 0.08
.-0.02
● -0.40
. -1.0
. 0.25
-0.126
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?rmaied Wais, cuve -fitting method !lm3neientanal.yale,EM equipwnt

DerivativeAmYJmed value Fran eqs. of FrCaneqs. of From eqa. of From eqs. of
present paper motion ae vectm eqs. preBent p~er motion as vector eqO.

Clp 4.4CK3 -0.3’78 -0.397 -O.* -0.391

%r o.& 0.0882 0.110 O.lw o.~

cl -o.126 -o.~ 4.134 -0.W -0.E8
$

Clba -O.1OC -0.100 4.100 -o.@ -0.099

G
-0.Om -0.020 -o.021 -o.02g -o.@

% -0.400 -0.382 -0.397 ‘ -0.786 -0.M

%
o.- 0.253 0.257 0.213 0.2%

Cy
P

-1.W -1.oy -1.003 -o.dxl 1.260
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Figure1.-Stabili~axissystemshowingpositivedirections.
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P
IEr=if.l.)

/ ‘%’r

~’
\

br=l Realaxis

D3p

D%r= -iu?

(a)Vectordiagramshowingrelativemagnitudesandpositionsof inputbr
andoutput~,andtheirderivatives.u). 0.7radian/see.

Figure2.-Vectorrepresentationoflateralvariables.
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ImaginarySxLs

(b)Vectordiagram
inputq

showingrelativemagnitudesandpositionsof
andresponsevectors~, $, and 4.

Figure2.-Concluded.

.
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Figure 4.- I%equency response In roll due to rudder-deflection input Q
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Figure 5.- Erequency response,in yaw due to rudder-deflection input for
rigid, high-speed airplane of example given in bcdy of paper.

U
P



U
N

I

“o 1 2 3 4 5 6 7 8 9 10
Frequency of rmider-defl.ection, Input, m, rad.ians/8ec

Figure 6.-I?cequencyrespmmeinlateralaccelerationdue to rudder-
deflection input for rigid, high-~ed airplane of example @ven
inkdy of paper.
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Figure 7.- Calculation of transient responaee to a aqwe-pulse aileron
deflection for the airplane defined in table XC.
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(b) Yawing velocity.

Figwe 7.- Continued.
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(c) Angle of sideslip.

Figrcre7.- Concluded.
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Odcnilatad frommass and aerdvnamic

CkSCtil%3tiCB of airphine “

l’ragi~t e.adyds , curve-fitting

!Ersrmientanalysie, IPM eqtipnent
(At -0.05 see)

co,radiani3/sec

(a) A@itude ratio ~ .

a

~gme 8.- Frequency responses due to aileron-deflectioninput for the
airplane described h table XC.
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characteristicsof airplane

-m — A ti~$~t analyaiti,cw.-ve-fitting

❑ ~mient *BIB, ~ equi~nt

-m
o 1 2 3 4 5 6 7 8 9 10

m, rdiane./,9ec

Figure 8.- Continued.
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~C~ti& - WB and aercdyned~
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TransientanalyeiB,cwwe-fitting
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Tremient ane.lyais,~ equlpnent
(At= 0.05 see)

\

I I I I I .h I I
‘J

2

0
L

1 2 3 4 6 8
a, re&&ne/eeo

7 9 10

(c) Amplitude ratio 3 .
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~gure 8.- Continued.
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Figure 8.- cont~~.
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